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1 INTRODUCTION

In this article we introduce a method of determining generalised formulae of
integral numerical calculus for integrals of the type presented below:

I'= /bf(x)dx,

where f : [a,b] — R is a integrable function on the real interval [a, b].
From these formulae we can deduce in particular classical methods or other
new types of methods of integral numerical calculus.

2 METHOD PRESENTATION

Let f : [a,b] — R be an integrable function over the real interval [a, b], n € N*,
b—a
h =

and the equidistant points xy = a+ kh, 0 < k < n.

Then we have:

b n—1 Tk+1
[ fae = f(@)da 1)
Y k=0
For the points:
T +1T, T = k+1_xk,0<z<s,
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where m, s € N*, 0 < k < n — 1, we take into consideration the Newton
interpolation formulae:
f :psk +T5k, (2)

where ([1]):

e )+ Z ﬁ (v — 2 — j7) 3)

In (3) by A% we denote the ascending differences of order i and step 7, finite
differences defined by:

Definition 1.
Arf(x) = flz+7) = f(2)
Al =A (AN, i>2
We assume that f € C**t1)([a, b]). In this case, there is a point ¢, (z) placed

between the points x, x; + i1, 0 < i < s, such that the remainder r,; in the
interpolation formulae (2) has the expresion ([1]):

S

7o (@) ] @ — i — ) (4)

=0

rar(*) = )

For x = xj, + 7t the formulae (3) and (4) become:

A’ flzr) T
psk(zk +7t) = f(2) +Z k) H t—J) (5)

S

ﬁﬂﬁ”(ck(t» L¢-5 ()

For x = zp + 7t in the integration formulae from the right member of the
formulae:

rsk(xg +7t) =

Th+1 Thk+1 Tr41

/ f(z)dx = / psk(x)dx + / rsk(x)de
Tp Ty Tk
we obtain:
Tt m m
/ flx)dx = T/psk(.iﬁk + 7t)dt + T/rsk(xk + Tt)dt (7)
T 0 0

Using the formulae (5) we obtain:

m mi—1

A’L
/psk(xk—i—Tt)dt—T mf(zy) —|—Z xk /H (t—yg)dt (8)
0 i=1 0 7=0
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bh—
Because T = a, from (1), (7) and (8) we obtain:
b _a n—1 A f 1. i1
/f(x)dsc Z mf(xy) +Z b /H (t—g)dt| + R(f) (9)
a k=0 i=1 0 7=0
where:
n—1 m
= T/T’sk xp + Tt)d (10)
k=0
From (6) and (10) we obtain for the remainder R(f) the expresion:
(b _ s+2 /m ( +1) S .
= s t—j)dt 11
R(f) mwnw GO ]Ho( 7 (11)
00

Numerical integration formulae (9), in which the remainder R(f) has the
expresion (11), represent a class of generalized methods of integral numerical
calculus. For given values of the parameters s and m we obtain an unlimited
number of methods for integrals approximation, with approximation errors of
any order.

Remark 1. For s = m = 2¢+1 the accuracy order of the formulae (9) is 2¢ + 1.
For s =m+ 1 =2q+ 1 we have:

A2 f () 11
s +7t) = per(ap + 78) + ——E T (¢ — 5 12
Pst1k(Tk + Tt) = psk (T + 1) (2¢+1)! jl;[o( 7) (12)
Because:
29 o4 q
/ (t—gydt= [ t][(#* —5*dt=0
0 7=0 Zq j=1
we have:
2q 2q
/ps+1k(ack + 7t)dt = /psk(kath)dt
0 0
and so:
Tk+1 Tr41 Thk+1
/ f(z)dx = / psk(x)dx + / rst1k(x)de

So, in this case also the accuracy order is 2q + 1.

For these values s=m+1=2¢+ 1 or s =m = 2q + 1 we obtain Newton-
Cotes formulae of closed types ([2],[3]).

Examples:
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1. For s = m = 1 we obtain the trapeze formulae:

[r@ie="20 @+ i -2y s +RE )
a k=1
where: s
R(f) =L @), e e fab

2. For s = m + 1 = 3 we obtain the Simpson formulae:

b n—1 n—1
/f(:r)dx: b6—na f(a)+f(b)+22f(xk)+42f<mk+2‘%“) R(f)
a k=1 k=0
(14)
where:
__(b=a)
R(f) - 28804 f * (6)7 § € [aa b]
3. For s = m = 3 we obtain the Newton formulae:
b b—a n—1
f forte =22 1@+ 10) +2 S fla+
a k=1 (15)

+3ni1 (f (2xk gxk“) ny (xk +§mk+1)>} L R(f)
k=0

(- a)®
6480n4

where:

R(f) = FD), € € [ab]

etc.

Remark 2. For values given to the parameters s and m, other than the ones
presented in the previous remark, we obtain formulae of open type where a
and/or b aren’t between the points denoted by x.

Examples:

1. For m =4 and s = 2 we obtain:

/ b—arsd 3Tk + Tt
s =25 o ) - ap (22221 ) 4
(16)
+5f (W)] +R(f)
where: \
R(f) = b-q) (), € € [a,b]

96n3
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2. For m = 4 and s = 3 we obtain:

[ iy = 2ot oy (Bt -

a 3TL k=0 4
(17)
_y (W) Loy (W)} L R(P)
where: - )5
R(f) = T D 6), € < [l
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