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Abstract. In this paper a procedure for simulating deformable elas-
tic body - rigid body interaction is presented. The interaction is de-
scribed by multiple impacts during the dynamical process. An elastic
body modeled as a 3D particles system is proposed, in response to
the dynamic impacting force. The contact between particles is modeled
with elastic springs. The expression for the spring elastic constants are
presented. The force-deformation equation contains a damping term to
reflect dissipation in the contact area. The procedure is applied to show
interaction and deformation processes as well as realistic animations.
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1 INTRODUCTION

Modeling and simulation techniques are indispensable tools for the understand-
ing of dynamical systems and a challenging subject in order to get a better
understanding of their dynamical behavior.

Since realistic animation is a very important goal, numerous studies attempt
to provide so-called “realistic method”. Within these, the animation of elastic
solids and their interaction is a difficult task due to the interaction conditions.

The interaction between bodies is a contact event (impact) that occurs at a
common point or points of contact. Analytical solutions (obtaining post impact
velocities in terms of pre-impact velocities) of rigid body collision problems in
classical mechanics are formulated in terms of two principles: Newton’s law of
motion and Coulomb’s law of friction. In addition, the solutions require the
knowledge of two material constants: coefficient of friction and coefficient of
restitution.

Multiple types of methods were proposed in order to predict the behavior
after collisions. Kane and Levinson [8] showed that Newton’s approach may
predict erroneous energy results in rigid body problems when friction is present.
Keller [9] formulated a three dimensional differential approach that resolved the
energy paradox by using the kinetic definition of the coefficient of restitution.
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An important recent contribution to the area was the energetic definition (a
new coefficient of restitution) by Stronge [14] based on the internal dissipation
hypothesis.

The collisions of kinematic chains with external surfaces were considered in
Hurmuzlu and Chang [5]. They formulated an algebraic solution of impacts of
planar multi-body system based on the kinematic formulation of the coefficient
restitution.

Marghitu and Hurmuzlu [10] presented a three dimensional solution scheme
based on the differential formulation of impact equations that incorporates
three definitions of the coefficient of restitution. Dupac and Marghitu [6] studied
rigid body collisions of planar kinematic chains with multiple contact points.

A molecular dynamics technique was used in [11] to describe particle inter-
actions, for simulations of melting materials and viscous fluids.

In Desbrun and Gascuel [1] the SPH concepts were applied for the simula-
tion of highly deformable bodies. Using a SPH particle-based method [12, 13], a
3D simulation for material properties ranging from highly plastic to stiff elastic
was implemented.

A spring-particles model for melting solids with various forces applied to
their neighbors was developed in Terzopoulos et al. [15]. A similar model using
springs was developed in Dupac et al. [2].

The work in the present paper is dedicated for simulating a deforming elastic
body - rigid body interaction.

For treating a moving and deforming elastic body in response to the dy-
namic force exerted by the interaction (impact) with a rigid body, an elastic
body model is proposed. The elastic body is modeled as a 3D material particles.
The contact between particles is modeled using elastic springs. Using a com-
putational procedure developed in Dupac et al. [2] the spring elastic constants
have been derived.

The external/internal forces (gravitational force, forces between particles,
impulsive impacting forces), evaluated on each particle are presented. Further-
more to struggle out the local dynamics, the position and velocity of each
particle is computed and continuously updated.

The advantage of the presented method is that enables accurate three-
dimensional modeling, does not impose any modeling restrictions on the dy-
namic evolution of the system and has a very good computational time.

2 MECHANICAL MODEL OF THE DEFORMABLE
ELASTIC BODY

For the study of the deformable elastic body - rigid body interaction a me-
chanical model is proposed. The deformable elastic solid considered for the
simulation and shown in Fig. 1 is modeled as a mechanical system with parti-
cles in contact.
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Fig. 1: Deformable elastic solid modeled as a system with particles in contact

The contact between particles is modeled using springs, resulting a lumped
mass lumped spring model as shown in Fig. 2.

1

Fig. 2: Contact between particles modeled using springs

For the general case there are n interconnected particles P1, ..., Pn. The particles
Pj , j = l1, l2, . . . , lk with li ∈ {1, 2, ..., n}, i = 1, 2, ..., k and ls 6= lp for every
s 6= p, may collide with the surface (rigid body) S. Each particle collision with
surface S leads to several outcomes depending on the initial conditions, the
contact force and the coefficient of friction µj at the contact point among the
surface. The contacting ends rebound as a result of the collision.

The center of the mass position of a particle Pl with respect to the center
of the mass position of a neighbor particle Pk is shown in Fig. 3.
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Fig. 3: Center of the mass position of a particle Pl with respect to a neighbor
particle Pk

For the moving reference frame O′x′y′z′ (Fig. 3.), the relative position of the
particle Pl with respect to the particle Pk was described in a spherical co-
ordinates system by (dPkPl

, φPkPl
, θPkPl

), where dPkPl
represents the distance

between the particles Pk and Pl, φPkPl
is the horizontal azimuth angle and

θPkPl
the azimuth angle.

The relations between Cartesian coordinates and spherical coordinates for
the center of the mass of a particle Pl with respect to the center of the mass
of the neighbor particle Pk can be written as

x′PkPl
= dPkPl

sin θPkPl
cosφPkPl

,

y′PkPl
= dPkPl

sin θPkPl
sin φPkPl

,

z′PkPl
= dPkPl

cos θPkPl
.

The position vector of a particle Pl with respect to the center of the mass of a
neighbor particle Pk can be expressed in the O′x′y′z′ cartesian reference frame
as

r′PlPk
= x′PkPl

i + y′PkPl
j + z′PkPl

k,

where i, j, k represents the units vector of the attached cartesian reference
frame.

One can define the position of each particle Pi, i = 2, ..., n in a fixed Carte-
sian reference frame Oxyz, using the position vector rP1 = λxi + λyj + λzk of
the particle P1, and the position vectors r′PlPl+1 , l = 1, 2, ..., i − 1. One can
write

rPi = rP1 +
i−1∑

l=1

r′PlPl+1 .

For the previous relation, the fixed reference frame Oxyz is parallel, i.e. Ox‖O′x′,
Oy‖O′y′ and Oz‖O′z′, and have the same orientation with the moving reference
frame O′x′y′z′ attached to each particle.
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The velocity vector vPi
of the particle Pi, i = 2, ..., n is the derivative with

respect to time of the position vector of rPi , vPi = ṙPi . The acceleration vector
aPi

of the particle Pi, i = 2, ..., n is the derivative with respect to time of the
position vector of rPi .

The evolution of the system is governed by the fundamental law of dynamics,

FPi
= mPi

aPi
, (1)

where mPi is the mass of each particle Pi and aPi is its acceleration caused by
the force FPi

. The force FPi
can be divided between the internal and external

forces.
The internal force Fint

Pi
is the resultant of the tensions of the springs linking

the particle Pi to its neighbors

Fint
Pi

=
∑

j 6=i

kc
ij [
‖rPiPj

‖ − lPiPj

‖rPiPj
‖ ]rPiPj

, (2)

where kc
ij and lPiPj

are, respectively, the stiffness and the rest length of the
spring linking the particle Pi with the particle Pj .

The external force depends to the kind of load to which the model is ex-
posed. Omnipresent loads will be gravity, contact (impact) forces, and damping.
The role of the damping is to model the dissipation of the mechanical energy
of the model.

The gravitational force acting on the particle Pi is given by

GPi = mPig, (3)

where g is the gravitational acceleration.
The vector of contact forces is given by

F =
{
F t

1 , Fn
1 , . . . , F t

k, Fn
k

}T
, (4)

where, Fn
j is the normal contact force and F t

j is the tangential contact force.
The impulses at the contact points are obtained by integrating Eq. (4), which
gives:

τ =




τ t
1

τn
1
...
τ t
k

τn
k




=




∫ t

0
F t

1dt∫ t

0
Fn

1 dt
...∫ t

0
F t

kdt∫ t

0
Fn

k dt




, (5)

where,
τ j = τ t

j tj + τn
j nj , (j = 1, ..., k), (6)

where nj is the unit vector normal to the impacting surface, and tj the unit
vector in the common tangent plane and satisfying nj = tj × k.
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3 SPRINGS STIFFNESS

For the derivation of the spring constants a procedure developed in Dupac et
al. [2] and briefly described below is used.

For the particles-springs model (Fig. 1), the particles are considered to be
spheres with the same radius r0, and are connected only with the neighbor
particles (the contacts between particles are modeled through linear springs).

The average stress tensor for a 3D assembly of particles can be expressed
as

σij =
M

2V

∑

φ

∑

θ

bc
i (φ, θ)fc

j (φ, θ)f(φ, θ) sin φ∆φ∆θ, (7)

where mPi
is the mass, and V Pi is the volume of the particle Pi, M is the mass

and V is the volume of the assembly, bc
i (φ, θ) are the value of the vectors that

connect the centers of particles in contact, and f c
j (φ, θ) are the contact forces

at the solid angle defined by θ and φ as shown in Fig. 4.

Fig. 4: Solid angle for the particles in contact

Using Hooke’s low, the contact force is defined as f c
j = kc

ij∆
c
j , where kc

ij =
knninj +kssisj +kttitj spring constant, kn, ks, kt are the normal and tangential
stiffness at contact,

n = (cos φ sin θ, sin φ sin θ, cos θ)

and
s = (− sin φ, cos φ, 0), t = (cos φ cos θ, sin φ cos θ,− sin θ)

are the normal and tangential unit vectors as shown in Fig. 4.
The strain-displacement relation for a particle at the contact point is ∆c

m =
εmlb

c
l , where εml is the strain tensor of the assembly. The relation between

strain tensor εkl and the stress tensor σij can be expressed as σij = Aijmlεml.
The effective elastic stiffness tensor Aijml,

Aijml ' r2
0M

2πV

∫ 2π

0

∫ π

0

(knninjnmnl

+ksnisjsmnl + ktnitjtmnl) sin φdφdθ.
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was obtained using f(φ, θ) =
1
4π

and bc
i = (2r0)ni and by replacing the sum-

mation with integration.
Using the symmetric condition σij = σji for stress, and εij = εji for strain,

the previous integral can be replaced by a matrix formulation.
From continuum mechanics, using the relations between the state of stress

and strain defined for an isotropic material, and the engineering shear strain
properties, the stiffness can be written as

kn =
3
2

EV

Mr2
0(1− 2ν)

,

ks =
3
2

EV (4ν − 1)
Mr2

0(2ν2 + ν − 1)
,

kt =
3
2

EV (4ν − 1)
Mr2

0(2ν2 + ν − 1)
,

where E is the Young’s modulus and ν is the Poisson’s ratio of the material
(for more details about the stiffness computation see Dupac et al. [2]).

4 COLLISION RESPONSE

The normal impulsive forces, Fn
j , j = 1, 2, . . . , k, are determined by combining

the classical Hertzian contact theory (Goldsmith [4]) and elastic-plastic inden-
tation theory (Johnson [7]). At a contact point there is a linear relationship
between the plastic deformation qpj and the normal contact force Fn

j , as follows

qp
j = η(Fn

j − F c
j ). (8)

In the above equation the coefficient η has the following expression

η =
1

2πRjH
, (9)

where H characterizes the plastic property of the material and can be approxi-
mate with the Brinell hardness, and Rj is the radius of the impacting particle.
The critical value of the impact force F c

j , can be expressed in terms of the yield
stress σy

F c
j =

8π3R3
jσ

3
y

k2
1

, (10)

where
k1 =

2
3(1− ν2)

E
√

Rj . (11)

The elastic deformation qe
j as a function of the contact force is described by

the Hertz’s law

qe
j =

(
Fn

j

k1

)2/3

, (12)
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and the total normal deformation for the elasto-plastic impact is the sum of
elastic and plastic deformation

qj = qe
j + qp

j =
(

Fn
j

k1

)2/3

+ η(Fn
j − F c

j ). (13)

The critical deformation qc
j corresponds to the force F c

j , and the maximum
deformation qm appears when the maximum force Fm

j is applied. The impact
force at the impact point is

Fj = Fn
j n + F t

j t, (14)

where F t
j is the friction force.

5 IMPLEMENTATION AND RESULTS

The procedure for simulating deformable elastic body - rigid body interaction
was implemented for the case of a rubber sheet. When the rubber sheet is
released, the distance between the rubber sheet and cylinder is d = 0.25 m.
The rubber sheet has the length l = 0.15 m, the width d = 0.15 m, and the
height h = 0.015 m. The elastic properties for the rubber sheet are: elastic
modulus E = 6100000 N/m2, Poisson ratio ν = 0.49, shear modulus 2900000
N/m2 and a mass density of ρ = 1000 Kg/m3. The coefficient of static friction is
µs = 0.7 and the coefficient of dynamic friction is µk = 0.57. The gravitational
acceleration g = 9.807 m/s2 is considered.

In Fig. 5 the 3D particle rubber sheet model in the moment of impacting
the cylinder is presented.

Fig. 5: Simulated 3D particle model of a rubber sheet immediately before
impacting a cylinder

A snapshot of the dynamic deformation of the 3D particle model of a rubber
sheet after impacting the cylinder is presented in Fig. 6.
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Fig. 6: Simulated 3D deformed particle model of a rubber sheet after
impacting a cylinder

For the deformation associated with Fig. 6, it was observed that all the springs
have a reasonable deformation rate. Regarding the animation sequence, the
amplitude of the oscillation of the falling sheet after the impact dissipate very
quickly due to the computed springs constants. By changing the damping coef-
ficient, the oscillations of the sheet can be modified in order to obtain a better
and more “realistic” animation.

The deformation of rubber sheet was verified using a FEM model, a well
established engineering method. The FEM model was developed for both static
and dynamic systems based on elastic theory and finite element principles. The
FEM model of the rubber sheet in the moment of impact is presented in Fig.
7.

Fig. 7: Simulated 3D FEM model of a rubber sheet immediately before
impacting a cylinder

Fig. 8 presents a snapshot of the dynamic FEM simulation, the deformation of
the rubber sheet after impacting the cylinder.
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Fig. 8: Simulated 3D deformed FEM model of a rubber sheet after impacting
a cylinder

The same deformation was observed in both simulation, so the spring model
was considered to be accurate.

The interaction and deformation behavior performed using the 3D spring
modeling is a low cost dynamic procedure. At a given stiffness the computa-
tional cost of the 3D particle model algorithm is lower than that of the FEM
elastic model. Therefore, the spring algorithm is faster that the classic FEM
algorithm.

6 CONCLUSIONS

In this work, the modeling, simulation and visualization of an deformable elastic
body - rigid body interaction phenomena, has been considered. The elastic solid,
modeled as a 3D particles system have been considered. The contact between
particles has been simulated by elastic springs. The expression for the spring
elastic constants have been presented.

The external/internal force have been evaluated on each particle, and the
associated boundary conditions imposed. The collision techniques are based on
the differential formulation of the equations of impact with the normal impul-
sive forces determined by combining the classical Hertzian contact theory and
elastic-plastic indentation theory. The model was verified using a FEM based
model.
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